Analytical evaluation of elastic Coulomb integrals
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A-—1

Indefinite integrals over the product of two Coulomb wave functions and a factor r ™"~ ,
A =1,2,3,..., have been evaluated analytically. The results for these multipole integrals
could be expressed again in terms of Coulomb wave functions, except for the electric
quadrupole (A = 2) integral at zero angular momentum in both the incident and

final channels.

1. INTRODUCTION

Differential cross sections for atomic or nuclear scat-
tering can be expressed in terms of solutions of a set of
radial wave equations. This set is usually written as a set
of coupled-channel integral equations, which can be
solved numerically.!™ For heavy-ion collisions, this is a
severe computer-time-consuming calculation, due to the
long-range multipole Coulomb interaction. Well outside
the nucleus it requires the evaluation of so-called Cou-
lomb integrals, which have the form

R, X/(mkr)Y(n' k')
P= " art S . (1.1)
Ry

The angular momentum quantum numbers / and /" are
non-negative integers, and the multipole moment A has
values A = 1,2,... (dipole, quadrupole,..). The wave
numbers k and k' are positive, and the Sommerfeld pa-
rameters 7 and 7’ are real (positive for heavy-ion colli-
sions and negative for electron scattering from a positive
ion). These parameters are related by

nk=n'k’. (1.2)

Explicitly, nk=q,qq1/4me,#%, with ¢, and g, the charges
of the collision partners and p their reduced mass. Func-
tions X; and Y are real-valued Coulomb wave functions,
and they are solutions of the Coulomb differential equa-
tions

d 2k 1(14+1)
(d7+k2—%—(—p—)xl(n,kr)=o, (1.3)

d* 'k’ I'{d'+1)
2
(7+ k'* — = 5

) Y, (n'k'r)=0.
(1.4)

By making the change of variables p = kr in Eq. (1.3), it
follows immediately that X; only depends on k and r
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through p = kr. Similarly, Y, depends only on &’ and r
through p’ = k'r. The function X,(7,p) is taken to be
either the regular Coulomb wave function F;(7,p) or the
irregular Coulomb wave function G( 77,p),5 and similarly
Y, (n',p’) is either Fy(7',p") or Gp(7',p'). Given land /,
this yields four possible combinations of Coulomb wave
functions in the integrand of Eq. (1.1).

For R, =0, R, = «, X;=F, and Y,=F,, the Cou-
lomb integral / }f') can be evaluated analytically by con-
tour integration. ' For a finite interval [R,,R,] on the
positive » axis, the Coulomb integrals can be evaluated
numerically through step-by-step integration,® or with
Gaussian quadra’cure.10 For heavy-ion collisions at high
energies these methods become intractable, because the
integrand oscillates too rapidly. Furthermore, for R; > «
the convergence is extremely slow. In that case, more
sophisticated integration routines have to be used.'™'?
The Coulomb wave functions with different / values, but
the same 7 and p, are related through recursion relations.
This implies recursion relations between Coulomb inte-
grals with different /,/' and A values.*!3 Therefore, only a
few integrals have to be calculated by direct integration
for each set of parameters Ry, Ry, 1, k, ', and k'.

In this paper we evaluate analytically the indefinite
integral

1 X ('ﬂ»kr)Y'(n',k")
M};,“=P[J-dr PR (1.5)

for a large class of parameters. The Coulomb integrals
can then be found by substituting the integration limits
Rl and R2,

R
IP =k*MP R (1.6)

The factor k~* in Eq. (1.5) makes M’ dimensionless,
and it appears to reduce the number of independent pa-
rameters by one [as does the restriction in Eq. (1.2)].
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Il. BASIC INTEGRAL

When we multiply Eq. (1.3) by Y,(%',k'r), Eq.
(1.4) by X)(n,kr), take the difference, use Eq. (1.2), and
integrate, we obtain

(k2 —k?) fer,(n,kr) Yp(n',k'r)

1
+=YU+T+1) fdrsz(n,kr) Yp(n'k'r)

=Yy (n',k'r)(d/dr) X (m,kr)

— X (n,kr)(d/dr) Y (q',k'r) + C, (2.1)

where C is an arbitrary integration constant. For an elas-
tic Coulomb integral we have k'=*%, and with Eq. (1.2)
we also have ' = 9. With k'=k, Eq. (2.1) reduces to

X}Y, — XY,
I=-I)YU+T'+1)

1
M;I')=(

+C, k'=k, I's£l,  (2.2)

which is an electric dipole (A = 1) integral. Here, all the
Coulomb wave functions have argument (n,p), and a
prime indicates differentiation with respect to the second
argument p. The derivatives X; and ¥} in Eq. (2.2) can
be expressed in terms of Coulomb wave functions (Ap-
pendix A). However, subroutines which calculate
Fi(n,p) and G\(n,p) also provide their derivatives.'*'¢
An interesting point is that such subroutines provide an
array of Coulomb functions for / =0,1,2,..., up to a cer-
tain / ,,. Therefore, the right-hand side of Eq. (2.2) can
be calculated (for given 7 and p) for all ,/' combinations
(except I’=1) by a single call to such a subroutine. In this
way, the highly unstable /,/’ recursion of Coulomb inte-
grals can be avoided.

lll. DIPOLE INTEGRAL FOR /'=/

When we set A =1, I=I"=0, and k'=k in the re-
cursion relation (A7), we obtain

Xo¥o (1) (1)
=Ty? D ME + M) + ¢, (B

where Dy(7) is defined by Eq. (A3). With Eq. (2.2) this
becomes

M) =

My = Xo¥o 1D( M (X{Yo — X, Y — XY
1 —(—k_)_7+ (7 0~ AXy— Aol

+Xo¥}) + C, (32)

which gives M§}). With Eq. (B4) this can be simplified to

ay___Xo¥o  Do(n)
® T2kt T 2

(X5Y, — X|Y,) + C. (3.3)

Notice that the right-hand side of Eq. (3.2) is symmetric
in X nd Y, as is M{}, but that the right-hand side of Eq.

(3.3) is not. When we eliminate X§ and X} in Eq. (3.3)
with Egs. (A1) and (A2), respectively, we obtain

Xo¥s  Do() 1
(1 _ 040 . 0 -
MOO 27](k")2 217 ( + kr) (XOYI +X1Y0)
(m?
+ 0"7 (XoYo+ X 1Y) +C, (3.4)

which is again symmetric in X and Y.
To find Mf,” for I40, weset I'=l, A =1, and k'=k
in Eq. (A7). This gives

21+ 1 "
21+3D1("7)M11 — DM, ;.
2 27
__ O T o)
_21+3Dl+1(7])M1+2,1 (1+ 1)(l+ 2) Ml+1,l
X 1Y)
+W (3.5)

where the two integrals on the right-hand side can be
expressed in terms of Coulomb wave functions using Eq.
(2.2). Solving Eq. (3.5) yields

k'=kil=12,..,
(3.6)

1 !
;‘[(1)_ ;"(1)
i 2/ +1 ‘ + n;]fn}’

in terms of M&l,), given by Eq. (3.3), and the terms

1
Dn— 1(77)

D,(n)
2n+1

Sn= (Xn+l n—1—" r'z+1Yn—l)

n(2n + 1)

+m(XLYn_1~XnY;_1)

2n+1XY
_W n n—l”

n=123,.... (3.7)
With Wronski relations of the type given in Appendix B,

f» can be written in many different forms.

IV. HIGHER-ORDER MULTIPOLES

The results from Secs. II and III give M} for all /',
With recursion relations for the Coulomb integrals of the
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type (A7), we can find M for A =2,3,... . The follow-
ing scheme generates these higher-order multipole inte-

grals in a symmetric way with respect to / and /. For
I'=1=0,

XoYo
(1= MG D =S+ Dol (M + M)

— M. (4.1)
For I'=1, I5~0,

XY,
@ +A+ DMV = — i1t Do (m{MP,

M} 1}—— Mip. (42)
For I' <1,
arn_Pm gy Do g
M " =g Mivw + ey Miz
n ).
_l(l+1)M (4.3)
For I'> 1,
Dy(m) Dy _(7)
A+1_ 77 (A) r-1 (A)
M = 1T My
N )
_1'(l'+1)M ) (4.4)

When we set A = 1 in Eq. (4.1) in order to find M(Z) then
M3 drops out. Therefore, this integral cannot be found
by this scheme. Also in other recursion relations, which
are not given here, M) always drops out. It appears that
this integral cannot be found by recursion, either in an
upward or a downward scheme, which is reminiscent of
the situation for integrals over products of Bessel
functions.!” After calculating the A = 1 integrals for all
L', M) has to be calculated independently. By expand-
ing X, and Y, in a power series and integrating term by
term, the integral M3’ can be expressed as an infinite
series in 7, around r = O Alternatively, M, (2) can be ex-
panded in an asymptotic series around 7 = «. After ob-
taining M$) the above scheme yields M ff‘) for all [, /',
and A.

V. DEFINITE INTEGRALS

Definite integrals over [R;,R,] follow from previous
results by substituting the limits of integration. For
R, =0and R, = oo, the results can be simplified with the

help of the well-known behavior of Coulomb wave func-
tions around r=0 and r= «.> The integral over two
regular Coulomb wave functions,

W [

converges in the upper limit for all /, ', A, and converges
in the lower limit under the condition /4-I'>A — 1.
Therefore, for A = 1 the integral converges for all / and /',
and can be found with the results from Secs. II and III.

From Eq. (2.2) and the behavior of F)(n,p) for
p— «, we readily find

F( Jkr)Fr(n',k'r)
A} r,/1+11n r ’ (5.1)

P(l)_Sin{‘fl(ﬂ) —op(n) + (I' = Dn/2}
v =D +1+D ’

k'=k, I'#l, (5.2)
where o,(n) is the Coulomb phase shift, defined by
ofn)=arg I'(I+ 1+ in). (5.3)

From the properties of the I'" function we then find

!

o) —op(m= 2

arctan(ﬂ), I>I'. (54)
n=I+1 n

From Eq. (3.3) we obtain

P(l)_i_ k)

i (5.5)

For 17—-0 this becomes Py = 7r/2 From Eq. (3.7) we

find £,(0) =0 and f,( ) = 7/(n* + n*), which gives
p__ L P 4 2 _2’7_7
. 21+1 n=1 T +n
k'=k, [1=1.2,... (5.6)

Figure 1 shows P{) as a function of 13, for / = 0and / = 1.
For I's£41, but I’ close to /, the expressions (5.2) and (5.4)
can be combined. This gives, for instance,

PP =P =1/2 1+, (5.7)

which is also shown in Fig. 1.

Integrals with X,=F; and Y,=G; converge for I'</
— A, and integrals with X;=G, and Y, =G, diverge for
all I, I, A. Therefore, the only converging definite inte-
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FIG. 1. Curves a, b, and ¢ give the definite integral Pf}’ for (LI')
= (0,0), (1,1}, and (0,1), respectively, as a function of 7. The curves
are parameter-free.

gral over [0,], for A =1, which involves an irregular
Coulomb wave function, is given by

lJ‘w drFI(n’kr)Gl'(’r]’kr)
k Jo r

_cosfol(n) —or(n) — (UI-1)7/2}
B I=1U+T+1) ’

k'=k, I'<i—1, (5.8)
as follows from Eq. (2.2).

VI. BESSEL FUNCTIONS

For n—0, the regular and irregular Coulomb wave
functions are related to Bessel functions of the first and
the second kind, respectively, according to’

J

FlOp)= \/WP/ZII+ 12(p)s (6.1)
G(0,p)= — Jmp/2N;, 12(p). (6.2)

In this fashion, our results for indefinite integrals go over
into expressions for indefinite integrals over Bessel func-
tions, some of which were derived recently by Coffey.!
The definite integral from Eq. (5.5) reduces to

w J 2
fdp 1+12(p)" 1 (6.3)

0 pP _21-{-1’

which is a well-known result.’® With o/(0) =0, Egs.
(5.2) and (5.8) become

o Iy L 12(p)
dp o

_ 2 sin{ (/' — Dw/2}
T =D +14+1)°

I's£l, (6.4)

J‘°° Ji412P)Nr 1 12(p)
dp
0 P

2 cos{(l' — Dw/2}
a0 =D +1+1)°

I'<i—1, (6.5)

respectively.

Vil. RELATED INTEGRALS

When we set /'=17in Eq. (2.1), then this equation
can be written as

azX;(n,kr) Y(n"k'r) —aX (nkr)Y;(n'k'r)

k f dr Xl(n,kr) Yin'k'r)=

where a = k/k’. The left-hand side could be considered
to be a Coulomb integral with A = — 1. Most interesting
is that Eq. (7.1) gives an indefinite integral over Coulomb
wave functions with k’'s£k. It also illustrates that inte-
grals with k's£k are essentially different in form than
integrals with k'=k: for k' —k we have 1 — a? -0, and
this case has to be considered with a limit procedure.

In order to find the limit &' =% of Eq. (7.1) we ex-
pand the right-hand side in a Taylor series in k', around

l—«

+C, k'stk, (7.1)

r
k'=k. We expand Y,(7',k'r) as
Y(n'k'r)=Y(nkr) + (k' — k)
[(8/3k)YY (' k'P) Lo =i + O((K' — k)?).
(7.2)

In the first term on the right-hand side we have used
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nk=mn'k’, which implies 0’ = 1 whenever k’'=k. This re-
lation was also used in the derivation of Eq. (2.1). There-
fore, in Y,(7',k'r) both 5’ and k’'r depend on k', and care
should be exercised in calculating d/8k" in Eq. (7.2).
When we consider k' as independent variable, then, ac-
cording to the chain rule, we have

a Y ' kl YI ’ kl n, a Y ’ kl
akr 1(77, r)_r 1(77: r)_Fan; 1(7]9 r)’
(7.3)

where the prime on Y] indicates differentiation with re-
spect to k'r, as before. Then we set k'=k and 7' =17 in
Eq. (7.3) and substitute the result into Eq. (7.2). For the
expansion of Eq. (7.1), we also need Y;(%',k’r), which is
the derivative with respect to k’r of the right-hand side of
Eq. (7.2). With Eq. (7.3), this yields a term with Y7, and
with the differential equation (1.4) for Y, this can be
expressed in terms of Y, When we combine everything
and take the limit &' — &, we obtain

1

I+ 1) 9
Sa— )XIYI—WXI an Y,

a
+ nX,% Y}] +C, k'=k, (74)

where all Coulomb wave functions have the arguments
(n,kr). In deriving Eq. (7.4) we have absorbed a term
X}Y,— XY}, the Wronskian of the differential equation,
into the integration constant C. The result (7.4) can be
verified by differentiation with respect to #.

VIil. CONCLUSIONS

The elastic Coulomb integrals for A =1 have been
evaluated analytically, and it was shown that higher-or-
der multipole integrals can be obtained from the A =1
integrals by recursion. Only the electric quadrupole inte-
gral for /=1/' =0 could not be obtained in closed form
(unless expressed as an infinite series). The results can be
applied to calculate Coulomb integrals numerically with-
out step-by-step integration and without recursion with
respect to the quantum numbers / and /. In practical
applications, the inelastic (k'5£k) integrals are also
needed. Since the values of k' and k are very close, at least
for heavy ions, these k's£k integrals can be obtained by
Taylor expansion of Y,(7',k’r) around k' =k.
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APPENDIX A: RECURSION RELATIONS

The derivative with respect to p of the Coulomb wave
function X;(7,p) can be expressed in two ways in terms of
Coulomb wave functions:®

, ] I+1

X1=(m+—p““‘) XI—Dl(n)Xl+l1 (A'l)
o (1.}!

X)=— (7-*-;) X4+ D (X, (A2)

Here we introduced the abbreviation

D=1+ (/T + )% (A3)

Either Eq. (A1) or (A2) can be solved for X}, and the
results can be substituted into the integrand in Eq. (1.5).
Elimination of X; through integration by parts then
yields a recursion relation between four Coulomb inte-
grals. A similar procedure can be followed for Y, in Eq.
(1.5). In this fashion, we obtain four recursion relation,
three of which are independent. They relate Coulomb
integrals with different /, I’, and A values, and by repeated
application of these relations an indefinite number of
other recursion relations can be obtained.
In Sec. III we need

I+0' =242 1 ,
—2‘[+3—Dl(’7)M§;1) =5 Dr(m M 1r 1
I-I'+iA+1 1
(A)
—~2"I+3—Dz+1(77)M1+2,I'+"7 I+ 1
I'—A+4+1

T+ DU+2) M =Hwr +C (Ad)

Here we introduced the notation
a=k/k’, (A5)

X(nkr) Y (7',k'r)
(kr)l + T

Hi = (A6)
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Another relation is
U+0I+1-MFTD —D(mMP,,

— (1/a)Dp ("M,

1 1
(A) _ gg(A) ]
+n[1+1+1,+1]M,,, HP +cC (A7)

The easiest way to prove this relation is to differentiate
Hi{ from Eq. (A6), eliminate X and Y}, with Eq. (A1),
and then integrate the resulting expression. By differen-
tiating H}'i)l,,:, H})’},)_‘_ 1» etc., similar relations can be de-
rived.

APPENDIX B: WRONSKI RELATIONS

The Wronskian of F; and G is

F|G,— FG;=1, (B1)
and a similar relation is’

FG 1 — F11Gi=1/D(7). (B2)

Here, all Coulomb wave functions have the same argu-
ment (7,p). Differentiating Eq. (B2) gives

FiGpy 1+ FGly 1 — Fiy G — F1,Gj=0.  (B3)

If we would replace either F by G or G by F, or inter-
change F and G, this relation would still hold. Therefore,
for arbitrary X and Y we have

XY =X Y=X Y — XY, K=k
(B4)

A generalization of Eq. (Bl) can be found as follows.
Write X}(7,kr) and Y;(%',k'r) as in Eq., (A1), and cal-
culate aX;Y,— X,Y;. With nk=n'k' and a = k/k’' we
then obtain

XY, — XY} =D )XY 4,
—aD,(n)X,+1Y1, all k,k'. (BS)

For k'=k, X;,=F,and Y,=G,, this reduces to Eq. (B1).
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